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Abstract. Nevanlinna showed that two non-constant meromorphic functions on C
must be linked by a Mo¨bius transformation if they have the same inverse images counted
with multiplicities for four distinct values. After that this results is generalized by Gun-
dersen to the case where two meromorphic functions share two values ignoring multi-
plicity and share other two values with multiplicities trucated by 2. Previously, the first
author proved that for n ≥ 2, there are at most two linearly nondegenerate meromor-
phic mappings of Cm into Pn(C) sharing 2n+2 hyperplanes ingeneral position ignoring
multiplicity. In this article, we will show that if two meromorphic mappings f and g of
C
m into Pn(C) share 2n+ 1 hyperplanes ignoring multiplicity and another hyperplane
with multiplicities trucated by n+ 1 then the map f × g is algebraically degenerate.
Introduction
In 1926, R. Nevanlinna [7] showed that if two distinct nonconstant meromorphic func-
tions f and g on the complex plane C have the same inverse images for four distinct
values then g is a special type of linear fractional transformation of f .
The above result is usually called the four values theorem of Nevanlinna. In 1983,
Gundersen [5] improved the result of Nevanlinna by proving the following.
Theorem A (Gundersen [5]). Let f and g be two distinct non-constant meromorphic
functions and let a1, a2, a3, a4 be four distinct values in C ∪ {∞}. Assume that
min{ν0f−ai , 1} = min{ν
0
g−ai
, 1} for i = 1, 2 and ν0f−aj = ν
0
g−aj
and j = 3, 4
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outside a discrete set of counting function regardless of multiplicity is equal to o(T (r, f))
)
.
Then ν0f−ai = ν
0
g−ai
for all i ∈ {1, . . . , 4}.
In this article, we will extend and improve the above results of Nevanlinna and Gun-
dersen to the case of meromorphic mappings into Pn(C). To state our results, we firstly
give some following.
Take two meromorphic mapping f and g of Cm into Pn(C). Let H be a hyperplanes
of Pn(C) such that (f,H) 6≡ 0 and (g,H) 6≡ 0. Let d be an positive integer or +∞. We
say that f and g share the hyperplane H with multiplicity truncated by d if the following
two conditions are satisfied:
min (ν(f,H), d) = min (ν(g,H), d) and f(z) = g(z) on f
−1(H).
If d = 1, we will say that f and g share H ignoring multiplicity. If d = +∞, we will say
that f and g share H with counting multiplicity.
Recently, Chen - Yan [1] and S. D. Quang [8] showed that two meromorphic mappings
of Cm into Pn(C) must be identical if they share 2n + 3 hyperplanes in general position
ignoring multiplicity. In 2011, Chen - Yan considered the case of meromorphic mappings
sharing only 2n+ 2 hyperplanes, and they showed that
Theorem B (see [2, Main Theorem]). Let f, g and h be three linearly nondegenerate
meromorphic mappings of Cm into Pn(C). Let H1, ..., H2n+2 be 2n + 2 hyperplanes of
P
n(C) in general position with
dim f−1(Hi ∩Hj) 6 m− 2 (1 6 i < j 6 2n + 2).
Assume that f, g and h share H1, ..., H2n+2 with multiplicity truncated by level 2. Then
the map f × g × h is linearly degenerate.
Independently, in 2012 S. D. Quang [9] proved a finiteness theorem for meromorphic
mappings sharing 2n + 2 hyperplanes without multiplicity as follows.
Theorem C ( see [9, Theorem 1.1]). Let f, g and h be three meromorphic mappings
of Cm into Pn(C). Let H1, ..., H2n+2 be 2n+ 2 hyperplanes of P
n(C) in general position
with
dim f−1(Hi ∩Hj) 6 m− 2 (1 6 i < j 6 2n + 2).
Assume that f, g and h share H1, ..., H2n+2 ignoring multiplicity. If f is linearly nonde-
generate and n ≥ 2 then
f = g or g = h or h = f.
The above theorem means that there are at most two linearly nondegenerate meromor-
phic mappings of Cm into Pn(C) sharing 2n+2 hyperplanes in general position regardless
of multiplicity. In this paper, we will show that there is an algebraic relation among them
if they share at least one of these hyperplanes with multiplicity truncated by level n+ 1.
Namely, we will prove the following.
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Main Theorem. Let f and g be two meromorphic mappings of Cm into Pn(C). Let
H1, ..., H2n+2 be 2n+ 2 hyperplanes of P
n(C) in general position with
dim f−1(Hi ∩Hj) 6 m− 2 (1 6 i < j 6 2n + 2).
Assume that f and g share H1, ..., H2n+1 ignoring multiplicity and share H2n+2 with mul-
tiplicity truncated by n+ 1. Then the map f × g : Cm → Pn(C)×Pn(C) is algebraically
degenerate.
In the last section of this paper, we will consider the case of two meromorphic mappings
sharing two different families of hyperplanes. We will also give an algebraically degeneracy
theorem for that case.
Acknowledgements. This work was done during a stay of the first author at Viet-
nam Institute for Advanced Study in Mathematics. He would like to thank the institute
for support. This work is also supported in part by a NAFOSTED grant of Vietnam.
1. Basic notions and auxiliary results from Nevanlinna theory
2.1. We set ||z|| =
(
|z1|
2 + · · ·+ |zm|
2
)1/2
for z = (z1, . . . , zm) ∈ C
m and define
B(r) := {z ∈ Cm : ||z|| < r}, S(r) := {z ∈ Cm : ||z|| = r} (0 < r <∞).
Define
σ(z) :=
(
ddc||z||2
)m−1
and
η(z) :=dclog||z||2 ∧
(
ddclog||z||2
)m−1
on Cm \ {0}.
2.2. Let F be a nonzero holomorphic function on a domain Ω in Cm. For a set α =
(α1, ..., αm) of nonnegative integers, we set |α| = α1+ ...+αm and D
αF =
∂|α|F
∂α1z1...∂αmzm
.
We define the map νF : Ω→ Z by
νF (z) := max {l : D
αF (z) = 0 for all α with |α| < l} (z ∈ Ω).
We mean by a divisor on a domain Ω in Cm a map ν : Ω→ Z such that, for each a ∈ Ω,
there are nonzero holomorphic functions F and G on a connected neighborhood U ⊂ Ω
of a such that ν(z) = νF (z) − νG(z) for each z ∈ U outside an analytic set of dimension
6 m− 2. Two divisors are regarded as the same if they are identical outside an analytic
set of dimension 6 m − 2. For a divisor ν on Ω we set |ν| := {z : ν(z) 6= 0}, which is a
purely (m− 1)-dimensional analytic subset of Ω or empty set.
Take a nonzero meromorphic function ϕ on a domain Ω in Cm. For each a ∈ Ω, we
choose nonzero holomorphic functions F and G on a neighborhood U ⊂ Ω such that
ϕ =
F
G
on U and dim(F−1(0) ∩ G−1(0)) 6 m − 2, and we define the divisors νϕ, ν
∞
ϕ
by νϕ := νF , ν
∞
ϕ := νG, which are independent of choices of F and G and so globally
well-defined on Ω.
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2.3. For a divisor ν on Cm and for a positive integerM orM =∞, we define the counting
function of ν by
ν(M)(z) = min {M, ν(z)},
n(t) =


∫
B(t)
ν(z)σ if m ≥ 2,
∑
|z|≤t
ν(z) if m = 1.
N(r, ν) =
r∫
1
n(t)
t2m−1
dt (1 < r <∞).
For a meromorphic function ϕ on Cm, we set Nϕ(r) = N(r, νϕ) and N
[M ]
ϕ (r) =
N(r, ν
[M ]
ϕ ). We will omit the character [M ] if M =∞.
2.4. Let f : Cm −→ Pn(C) be a meromorphic mapping. For arbitrarily fixed ho-
mogeneous coordinates (w0 : · · · : wn) on P
n(C), we take a reduced representation
f = (f0 : · · · : fn), which means that each fi is a holomorphic function on C
m and
f(z) =
(
f0(z) : · · · : fn(z)
)
outside the analytic set I(f) = {f0 = · · · = fn = 0} of
codimension ≥ 2. Set ‖f‖ =
(
|f0|
2 + · · ·+ |fn|
2
)1/2
.
The characteristic function of f is defined by
Tf(r) =
∫
S(r)
log‖f‖η −
∫
S(1)
log‖f‖η.
Let H be a hyperplane in Pn(C) given by H = {a0ω0 + ... + anωn = 0}, where a :=
(a0, ..., an) 6= (0, ..., 0). We set (f,H) =
∑n
i=0 aifi. It is easy to see that the divisor ν(f,H)
does not depend on the choices of reduced representation of f and coefficients a0, .., an.
Moreover, we define the proximity function of f with respect to H by
mf,H(r) =
∫
S(r)
log
||f || · ||H||
|(f,H)|
η −
∫
S(1)
log
||f || · ||H||
|(f,H)|
η,
where ||H|| = (
∑n
i=0 |ai|
2)
1
2 .
2.5. Let ϕ be a nonzero meromorphic function on Cm, which is occasionally regarded as
a meromorphic map into P1(C). The proximity function of ϕ is defined by
m(r, ϕ) :=
∫
S(r)
log+|ϕ|η,
where log+t = max{0, logt} for t > 0. The Nevanlinna characteristic function of ϕ is
defined by
T (r, ϕ) = N 1
ϕ
(r) +m(r, ϕ).
There is a fact that
Tϕ(r) = T (r, ϕ) +O(1).
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The meromorphic function ϕ is said to be small with respect to f iff || T (r, ϕ) = o(Tf(r)).
Here as usual, by the notation “|| P” we mean the assertion P holds for all r ∈ [0,∞)
excluding a Borel subset E of the interval [0,∞) with
∫
E
dr <∞.
The following plays essential roles in Nevanlinna theory (see [6]).
Theorem 1.1 (First main theorem). Let f : Cm → Pn(C) be a meromorphic mapping
and let H be a hyperplane in Pn(C) such that f(Cm) 6⊂ H. Then
N(f,H)(r) +mf,H(r) = Tf(r) (r > 1).
Theorem 1.2 (Second main theorem). Let f : Cm → Pn(C) be a linearly nondegen-
erate meromorphic mapping and H1, ..., Hq be hyperplanes of P
n(C) in general position.
Then
|| (q − n− 1)Tf(r) 6
q∑
i=1
N
[n]
(f,Hi)
(r) + o(Tf (r)).
Lemma 1.3 (Lemma on logarithmic derivative). Let f be a nonzero meromorphic func-
tion on Cm. Then ∣∣∣∣
∣∣∣∣ m
(
r,
Dα(f)
f
)
= O(log+Tf(r)) (α ∈ Z
m
+ ).
2.6. Let h1, h2, ..., hp be finitely many nonzero meromorphic functions on C
m. By a ratio-
nal function in logarithmic derivatives of h′js we mean a nonzero meromorphic function ϕ
on Cm which is represented as
ϕ =
P (· · · , D
αhj
hj
, · · · )
Q(· · · ,
Dαhj
hj
, · · · )
with polynomials P (· · · , Xα, · · · ) and Q(· · · , Xα, · · · )
Proposition 1.4 (see [4, Proposition 3.4]). Let h1, h2, ..., hp (p ≥ 2) be nonzero mero-
morphic functions on Cm. Assume that
h1 + h2 + · · ·+ hp = 0
Then, the set {1, ..., p} of indices has a partition
{1, ..., p} = J1 ∪ J2 ∪ · · · ∪ Jk, ♯Jα ≥ 2 ∀ α, Jα ∩ Jβ = ∅ for α 6= β
such that, for each α,
(i)
∑
i∈Jα
hi = 0,
(ii)
h′i
hi
(i, i′ ∈ Jα) are rational functions in logarithmic derivatives of h
′
js
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2. Algebraic degeneracy of two meromorphic mappings
In order to prove the main theorem, we need the following algebraic propositions.
Let H1, ..., H2n+1 be (2n+ 1) hyperplanes of P
n(C) in general position given by
Hi : xi0ω0 + xi1ω1 + · · ·+ xinωn = 0 (1 ≤ i ≤ 2n+ 1).
We consider the rational map Φ : Pn(C)×Pn(C) −→ P2n(C) as follows:
For v = (v0 : v1 · · · : vn), w = (w0 : w1 : · · · : wn) ∈ P
n(C), we define the value
Φ(v, w) = (u0 : · · · : u2n+1) ∈ P
2n(C) by
ui =
xi0v0 + xi1v1 + · · ·+ xinvn
xi0w0 + xi1w1 + · · ·+ xinwn
.
Proposition 2.1 (see [4, Proposition 5.9]). The map Φ is a birational map of Pn(C)×
P
n(C) onto P2n(C).
Let f and g be two meromorphic mappings of Cm into Pn(C) with reduced represen-
tations
f = (f0 : · · · : fn) and g = (g0 : · · · : gn).
Define hi =
(f,Hi)/f0
(g,Hi)/g0
(1 ≤ i ≤ 2n+1) and hI =
∏
i∈I hi for each subset I of {1, ..., 2n+1}.
Set I = {I = (i1, ..., in) ; 1 ≤ i1 < · · · < in ≤ 2n+ 1}. We have the following proposition
Proposition 2.2. If there exist constants AI , not all zero, such that∑
I∈I
AIhI ≡ 0
then the map f × g into Pn(C)×Pn(C) is algebraically degenerate.
Proof. For v = (v0 : v1 · · · : vn), w = (w0 : w1 : · · · : wn) ∈ P
n(C), we define the map
Φ(v, w) = (u0 : · · · : u2n+1) ∈ P
2n(C) as above. By Proposition ??, Φ is birational
function. This implies that the function∑
I∈I
AI
xi0v0 + xi1v1 + · · ·+ xinvn
xi0w0 + xi1w1 + · · ·+ xinwn
is a nonzero rational function. It follows that
Q(v0, ..., vn, w0, ..., wn) =
∑
I∈I
AI
(∏
i∈I
n∑
j=0
xijvj
)
×
(∏
i∈Ic
n∑
j=0
xijwj
)
,
where Ic = {1, ...., 2n + 1} \ I, is a nonzero polynomial. Since the assumption of the
proposition, it is clear that
Q(f0, ..., fn, g0, ..., gn) ≡ 0.
Hence f × g is algebraically degenerate. 
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Proposition 2.3. Let f, g be two meromorphic mappings of Cm into Pn(C). Let
{Hi}
2n+2
i=1 be (2n + 2) hyperplanes of P
n(C) in general position as in Main Theorem.
Suppose that the map f × g is algebraically nondegenerate. Then the following assertions
hold:
(a) || Tf (r) = O(Tg(r)) and || Tg(r) = O(Tf(r)).
(b) m
(
r,
(f,Hi)
(g,Hi)
(g,Hj)
(f,Hj)
)
= o(Tf(r)) ∀1 ≤ i, j ≤ 2n + 2.
Proof. (a). By the supposition the map f × g is algebraically non-degenerate, both f and
g are linearly nondegenerate. Assume that f, g have reduced representations
f = (f0 : · · · : fn), g = (g0 : · · · : gn),
and the hyperplane Hi (1 ≤ i ≤ 2n+ 2) is given by
Hi = {(w0 : · · · : wn) ; ai0w0 + · · ·+ ainwn = 0}.
By Theorem 1.2 we have
∣∣∣∣ (n + 1)Tf(r) ≤ 2n+2∑
i=1
N
[n]
(f,Hi)
(r) + o(Tf (r))
≤ n ·
2n+2∑
i=1
N
[1]
(g,Hi)
(r) + o(Tf(r))
≤ n(2n + 2)(Tg(r)) + o(Tf (r)).
Then we have || Tf (r) = O(Tg(r)). Similarly we also have || Tg(r) = O(Tf(r)). We have
the first assertion of the proposition.
(b). Since
∑n
k=0 aikfk −
f0hi
g0
·
∑n
k=0 aikgk = 0 (1 ≤ i ≤ 2n+ 2), it implies that
Φ := det (ai0, ..., ain, ai0hi, ..., ainhi; 1 ≤ i ≤ 2n+ 2) ≡ 0.(2.1)
For each subset I ⊂ {1, 2, ..., 2n+ 2}, put hI =
∏
i∈I hi. Denote by I the set
I = {I = (i1, ..., in+1) ; 1 ≤ i1 < · · · < in+1 ≤ 2n+ 2}.
For each I = (i1, ..., in+1) ∈ I, define
AI = (−1)
(n+1)(n+2)
2
+i1+...+in+1 × det(airl; 1 ≤ r ≤ n+ 1, 0 ≤ l ≤ n)
× det(ajsl; 1 ≤ s ≤ n + 1, 0 ≤ l ≤ n),
where J = (j1, ..., jn+1) ∈ I such that I ∪ J = {1, 2, ..., 2n+ 2}.
We denote by M the field of all meromorphic functions on Cm, and denote by G the
group of all nonzero functions ϕ so that ϕm is a rational function in logarithmic derivatives
of hi
′s for some positive integers m. We denote by H the subgroup of the group M/G
generated by elements [h1], ..., [h2n+2].
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Hence H is a finitely generated torsion-free abelian group. We call (x1, ..., xp) a basis
of H. Then for each i ∈ {1, ..., 2n+ 2}, we have
[hi] = x
ti1
1 · · ·x
tip
p .
Put ti = (ti1, ..., tip) ∈ Z
p and denote by “ 6 ” the lexicographical order on Zp. Without
loss of generality, we may assume that
t1 6 t2 6 · · · 6 t2n+2.
Now the equality (2.1) implies that∑
I∈I
AIhI = 0.
Applying Proposition 1.4 to meromorphic mappings AIhI (I ∈ I), then we have a par-
tition I = I1 ∪ · · · ∪ Ik with Iα 6= ∅ and Iα ∩ Iβ = ∅ for α 6= β such that for each
α, ∑
I∈Iα
AIhI ≡ 0,(2.2)
AI′hI′
AIhI
(I, I ′ ∈ Iα) are rational functions in logarithmic derivatives of AJhJ
′s.(2.3)
Moreover, we may assume that Iα is minimal, i.e., there is no proper subset Jα ( Iα with∑
I∈Jα
AIhI ≡ 0.
We distinguish the following two cases:
Case 1. Assume that there exists an index i0 such that ti0 < ti0+1. We may assume that
i0 ≤ n+1 (otherwise we consider the relation “ > ” and change indices of {h1, ..., h2n+2}).
Assume that I = (1, 2, ..., n+1) ∈ I1. By the assertion (2.3), for each J = (j1, ..., jn+1) ∈
I1 (1 ≤ j1 < · · · < jn+1 ≤ 2n+ 2), we have [hI ] = [hJ ]. This implies that
t1 + · · ·+ tn+1 = tj1 + · · ·+ tjn+1 .
This yields that tji = ti (1 ≤ i ≤ n + 1).
Suppose that ji0 > i0, then ti0 < ti0+1 6 tji0 . This is a contradiction. Therefore ji0 = i0,
and hence j1 = 1, ..., ji0−1 = i0 − 1. We conclude that J = (1, ..., i0, ji0+1, ..., jn+1) and
i0 ≤ n+ 1 for each J ∈ I1.
By (2.3), we have ∑
I∈I1
AIhI = hi0
∑
I∈I1
AIhI\{i0} ≡ 0.
Thus ∑
I∈I1
AIhI\{i0} ≡ 0.
Then Proposition 2.2 shows that f × g is algebraically degenerate. It contradicts to the
supposition.
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Case 2. Assume that t1 = · · · = t2n+2. It follows that
hI
hJ
∈ G for any I, J ∈ I. Then
we easily see that hi
hj
∈ G for all 1 ≤ i, j ≤ 2n + 2. Hence, there exists a positive integer
mij such that
(
hi
hj
)mij
is a rational funtion in logarithmic derivatives of hs
′s. Therefore,
by lemma on logarithmic derivatives, we have∣∣∣∣
∣∣∣∣ m(r, hihj ) = 1mijm(r,
(
hi
hj
)mij )
+O(1)
= O
(
maxm
(
r,
Dα(hs)
hs
))
+O(1) = o(maxT (r, hs)) +O(1)
= o
(
max T
(
r,
(f,Hs)
f0
))
+o
(
max T
(
r,
(g,Hs)
g0
))
+O(1)
= o(Tf (r)) + o(Tg(r)) = o(Tf(r)).
Therefore, we have
m
(
r,
(f,Hi)
(g,Hi)
(g,Hj)
(f,Hj)
)
= o(Tf(r)) ∀1 ≤ i, j ≤ 2n+ 2.
The second assertion is proved. 
Proposition 2.4. Let f, g : Cm → Pn(C) be two meromorphic mappings and let
{Hi}
2n+2
i=1 be 2n + 2 hyperplanes of P
n(C) in general position with
dim f−1(Hi ∩Hj) 6 m− 2 (1 6 i < j 6 2n + 2).
Assume that f and g share Hi (1 ≤ i ≤ 2n + 2) ignoring multiplicity. Suppose that the
map f × g is algebraically nondegenerate. Then for every i = 1, ..., 2n + 2, the following
assertions hold
(i) || Tf(r) = N(f,Hi)(r) + o(Tf(r)) and || Tg(r) = N(g,Hi)(r) + o(Tf(r)),
(ii) || N(r, |ν0(f,Hi) − ν
0
(g,Hi)
|) + 2N [1](h,Hi)(r) =
∑2n+2
t=1 N
[1]
(h,Ht)
(r) + o(Tf (r)), h ∈ {f, g},
(iii) || N(r,min{ν0(f,Hi), ν
0
(g,Hi)
}) =
∑
u=f,gN
[n]
(u,Hv)
(r)− nN
[1]
(f,Hv)
(r) + o(Tf (r)).
(iv) Moreover, if there exists an index i0 ∈ {1, ..., 2n + 2} such that f and g share Hi
with multiplicity truncated by level n + 1 then
ν(f,Hi0 )(z) = ν(g,Hi0 )(z) = n
for all z ∈ f−1(Hi0) outside an analytic subset of counting function regardless of multi-
plicity is equal to Tf (r).
Proof. (i)-(iii). For each two indecies i and j, 1 ≤ i < j ≤ 2n+ 2, we defined
Pij
Def
:=
(f,Hi)
(g,Hi)
·
(g,Hj)
(f,Hj)
.
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By the supposition that the map f × g is algebraically nondegenerate, we have that Pij
is not constant. Then by Proposition 2.3 we have
T (r, Pij) = m(r, Pij) +N(r, ν
∞
Pij
) = N(r, ν∞Pij ) + o(Tf(r))
= N(r, ν∞(f,Hi)
(g,Hi)
) +N(r, ν∞(g,Hj )
(f,Hj )
) + o(Tf(r))
On the other hand, since f = g and then Pij = 1 on
⋃2n+2
t=1
t 6=i,j
f−1(Ht), therefore we have
N(r, ν0Pij−1) ≥
2n+2∑
t=1
t 6=i,j
N
[1]
(f,Ht)
(r).
Since N(r, ν0Pij−1) ≤ T (r, Pij), we have
N(r, ν∞(f,Hi)
(g,Hi)
) +N(r, ν∞(g,Hj )
(f,Hj )
) ≥
2n+2∑
t=1
t 6=i,j
N
[1]
(g,Ht)
(r) + o(Tf(r)).(2.4)
Similarly, we also get
N(r, ν∞(g,Hi)
(f,Hi)
) +N(r, ν∞(f,Hj )
(g,Hj)
) ≥
2n+2∑
t=1
t 6=i,j
N
[1]
(f,Ht)
(r) + o(Tf(r)).(2.5)
It is also easy to see that
N(r, ν∞(f,Ht)
(g,Ht)
) +N(r, ν∞(g,Ht)
(f,Ht)
) = N(r, |ν0(f,Ht) − ν
0
(g,Ht)|)
= N(r,max{ν0(f,Ht), ν
0
(g,Ht)})−N(r,min{ν
0
(f,Ht), ν
0
(g,Ht)})
= N(r,max{ν0(f,Ht), ν
0
(g,Ht)}) +N(r,min{ν
0
(f,Ht), ν
0
(g,Ht)})
− 2N(r,min{ν0(f,Ht), ν
0
(g,Ht)})
= N(f,Ht)(r) +N(g,Ht)(r)− 2N(r,min{ν
0
(f,Ht), ν
0
(g,Ht)}), ∀1 ≤ t ≤ 2n+ 2.
(2.6)
Therefore, by summing-up both sides of (2.4) and (2.4) we get
∑
v=i,j
(∑
u=f,g
N(u,Hv)(r)− 2N(r,min{ν
0
(f,Hv), ν
0
(g,Hv)})
)
≥
∑
u=f,g
2n+2∑
t=1
t 6=i,j
N
[1]
(u,Ht)
(r) + o(Tf(r)).
(2.7)
Since
Tu(r) ≥ N(u,Ht)(r), u = f, g,(2.8)
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the above inequality yields that
||
∑
u=f,g
2Tu(r) ≥
∑
u=f,g
(
N(u,Hi)(r) +N(u,Hj)(r)
)
≥
∑
v=i,j
2N(r,min{ν0(f,Hv), ν
0
(g,Hv)}) +
∑
u=f,g
2n+2∑
t=1
t 6=i,j
N
[1]
(u,Ht)
(r) + o(Tf (r)).
(2.9)
We also see that for all z ∈ f−1(Ht), v = i, j,
min{ν0(f,Hv)(z), ν
0
(g,Hv)(z)} > min{ν
0
(f,Hv), n}+min{ν
0
(g,Hv)(z), n} − n.
This implies that
N(r,min{ν0(f,Hv), ν
0
(g,Hv)}) ≥
∑
u=f,g
N
[n]
(u,Hv)
(r)− nN
[1]
(f,Hv)
(r)
=
∑
u=f,g
(
N
[n]
(u,Hv)
(r)−
n
2
N
[1]
(u,Hv)
(r)
)
.
(2.10)
Combining inequalities (2.9) and (2.10), we have
||
∑
u=f,g
2Tu(r) ≥
∑
v=i,j
∑
u=f,g
(
2N
[n]
(u,Hv)
(r)−N
[1]
(u,Hv)
(r)
)
+
∑
u=f,g
2n+2∑
t=1
t 6=i,j
N
[1]
(u,Ht)
(r) + o(Tf(r)).
Summing-up both sides of the above inequality over all pair (i, j), i 6= j, and using the
Second Main Theorem, we get
||
∑
u=f,g
2Tu(r) ≥
2
n+ 1
∑
u=f,g
2n+2∑
v=1
(
2N
[n]
(u,Hv)
(r) + o(Tf(r))
∑
u=f,g
≥
2(2n+ 2− n− 1)
n+ 1
Tu(r) + o(Tf(r)) =
∑
u=f,g
2Tu(r) + o(Tf(r)).
The last equality yields that all inequalities (2.4) (2.5) and (2.8-2.8) become equalities
outside a Borel set of finite measure. Summarizing all these “equalities”, we obtain the
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following:
|| Tf (r) = N(f,Hi)(r) + o(Tf (r)) and || Tg(r) = N(g,Hi)(r) + o(Tf(r)) (by (2.8)),
(2.11)
||
∑
v=i,j
N(r, |ν0(f,Hv) − ν
0
(g,Hv)|) =
∑
u=f,g
2n+2∑
t=1
t 6=i,j
N
[1]
(u,Ht)
(r) + o(Tf(r))(by (2.6) and (2.7)),
(2.12)
|| N(r,min{ν0(f,Hi), ν
0
(g,Hi)
}) =
∑
u=f,g
N
[n]
(u,Hv)
(r)− nN
[1]
(f,Hv)
(r) (by (2.6) and (2.7)),
(2.13)
for every i = 1, ..., 2n+ 2. Then, equalities (2.11) and (2.12) prove the first assertion and
the third assertion of the proposition. Also the equality (2.12) implies that
||
∑
v=i,j
(
N(r, |ν0(f,Hv) − ν
0
(g,Hv)|) + 2N
[1]
(h,Hv)
(r)
)
=
∑
u=f,g
2n+2∑
t=1
N
[1]
(u,Ht)
(r) + o(Tf (r))
holds for all i, j ∈ {1, ..., 2n+ 2} and h ∈ {f, g}, it easily follows that
||N(r, |ν0(f,Hi)−ν
0
(g,Hi)
|)+2N
[1]
(h,Hi)
(r) =
2n+2∑
t=1
N
[1]
(h,Ht)
(r)+o(Tf(r)), 1 ≤ i ≤ 2n+2, h ∈ {f, g}.
Then the second assertion is proved.
(iv). Without loss of generality, we may assume that i0 = 2n + 2. From the third
assertion and the assumption that f and g share H2n+2 with multiplicity truncated by
level n + 1, we have
|| N
[n+1]
(f,H2n+2)
(r) ≤ N(r,min{ν(f,H2n+2), ν(g,H2n+2)})
=
∑
u=f,g
N
[n]
(u,H2n+2)
(r)− nN
[1]
(g,H2n+2)
(r) + o(Tf(r))
≤
∑
u=f,g
N
[n]
(u,H2n+2)
(r)−N
[n]
(g,H2n+2)
(r) + o(Tf (r))
= N
[n]
(f,H2n+2)
(r) + o(Tf(r)).
This yields that
|| N
[n+1]
(f,H2n+2)
(r) = N
[n]
(f,H2n+2)
(r) + o(Tf(r)) and || N
[n]
(u,H2n+2)
(r) = nN
[1]
(g,H2n+2)
(r) + o(Tf(r)).
It folows that
min{ν(f,H2n+2), n+ 1} = min{ν(f,H2n+2), n} and min{ν(g,H2n+2), n} = nmin{ν(f,H2n+2), n1}
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outside an analytic subset S of counting function regardless of multiplicity is equal to
Tf (r). Therefore,
ν(f,H2n+2)(z) ≤ n and ν(g,H2n+2)(z) ≥ n ∀z ∈ f
−1(H2n+2) \ S.
Similarly, we have
ν(g,H2n+2)(z) ≤ n and ν(f,H2n+2)(z) ≥ n
for all z ∈ f−1(H2n+2) outside an analytic subset S
′ of counting function regardless of
multiplicity is equal to Tf(r). Then we have
ν(f,H2n+2)(z) = ν(g,H2n+2)(z) = n
for all z ∈ f−1(H2n+2) \ (S ∪ S
′). The fourth assertion is proved. 
Proof of Main Theorem. Suppose that f × g is not algebraically degenerate. Then
by Lemma 2.4(ii)-(iv) and by the assumption, we have the following:
|| 2N
[1]
(h,H2n+2)
(r) =
2n+2∑
t=1
N
[1]
(h,Ht)
(r) + o(Tf(r)) h ∈ {f, g}.
By the Second Main Theorem, it follows that
|| Th(r) ≥N
[1]
(h,H2n+2)
(r) =
2n+2∑
t=1
t6=2n+2
N
[1]
(h,Ht)
(r) + o(Tf (r))
≥
1
n
2n+2∑
t=1
t6=2n+2
N
[n]
(h,Ht)
(r) + o(Tf(r))
≥
2n+ 1− n− 1
n
Th(r) + o(Tf(r)) = Th(r) + o(Tf (r))
for each h ∈ {f, g}. Therefore, we easily obtain that
|| Th(r) = N(h,H2n+2)(r) + o(Th(r)) = N
[n]
(h,H2n+2)
(r) + o(Th(r))
= N
[1]
(h,H2n+2)
(r) + o(Th(r)), ∀h ∈ {f, g}.
Then, by Lemma 2.4(iii), we have
|| Th(r) = N(r,min{ν
0
(f,Hi)
, ν0(g,Hi)}) =
∑
u=f,g
N
[n]
(u,Hv)
(r)− nN
[1]
(h,Hv)
(r) + o(Th(r))
= 2Th(r)− nTh(r) + o(Th(r)), ∀h ∈ {f, g}.
Letting r −→ +∞, we get n = 1. This is a contradiction to the assumption that n ≥ 2.
Therefore, the supposition is impossible. Then the map f × g is algebraically degenerate.

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3. Two meromorphic mappings with two family of hyperplanes
Let f and g be three distinct meromorphic mappings of Cm into Pn(C). Let {Hi}
2n+2
i=1
and {Gi}
2n+2
i=1 be two families of hyperplanes of P
n(C) in general position. Hyperplanes
Hi and Gi are given by
Hi = {(ω0 : · · · : ωn) |
n∑
v=0
aivωv = 0}
and Gi = {(ω0 : · · · : ωn) |
n∑
v=0
bivωv = 0}
respectively. Let f = (f0 : · · · : fn) and g = (g0 : · · · : gn) be reduced representations of f
and g respectively. We set
(f,Hi) =
n∑
v=0
aivfv and (g,Gi) =
n∑
v=0
bivgv.
In this section, we will consider the case of two meromorphic mappings sharing two
different families of hyperplanes as follows.
Theorem 3.1. Let f, g, {Hi}
2n+2
i=1 and {Gi}
2n+2
i=1 be as above. Assume that
(a) dim f−1(Hi) ∩ f
−1(Hj) 6 m− 2 ∀1 6 i < j 6 2n + 2,
(b) f−1(Hi) = g
−1(Gi), for k = 1, 2, and i = 1, ..., 2n+ 1,
(c) min{ν(f,H2n+2), n+ 1} = min{ν(g,G2n+2), n+ 1},
(d)
(f,Hv)
(f,Hj)
=
(g,Gv)
(g,Gj)
on
⋃2n+2
i=1 f
−1(H0i ) \ f
−1(H0j ), for 1 6 v, j 6 2n+ 2.
If n ≥ 2 then the map f × g is algebraically degenerate.
Proof. We consider the linearly projective transformation L of Pn(C) which is given by
L((z0 : · · · : zn)) = (ω0 : · · · : ωn) with
 ω0...
ωn

 =

 c10 · · · c1n... · · · ...
c(n+1)0 · · · c(n+1)n


︸ ︷︷ ︸
C

 z0...
zn

 ,
where
C =

 a10 · · · a1n... · · · ...
a(n+1)0 · · · a(n+1)n


︸ ︷︷ ︸
A
−1
·

 b10 · · · b1n... · · · ...
b(n+1)0 · · · b(n+1)n


︸ ︷︷ ︸
B
We set
(a′i0, ..., a
′
in) = (bi0, ..., bin) · C
−1, for i = 1, .., 2n+ 2.
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Since A ◦B = C, then
(a′i0, ..., a
′
in) = (ai0, ..., ain), ∀i = 1, ..., n+ 1.
Suppose that there exists an index i0 ∈ {n + 2, ..., 2n+ 2} such that
(a′i0, ..., a
′
in) 6= (ai0, ..., ain).
We consider the following function
F =
n∑
j=0
(a′i0j − ai0j)fj .
Since f is linearly nondegenerate, F is a nonzero meromorphic function on Cm. For
z ∈
⋃2n+2
i=1 f
−1(Hi) \ I(f
0), without loss of generality we may assume that (f,H1)(z) 6= 0,
then
F (z) =
n∑
j=0
(a′i0j − ai0j)fj(z) = (ai00, ..., ai0n) · C
−1(f)(z)− (f,Hi0)(z)
=(ai00, ..., ai0n) · B
−1 ◦ A(f)(z)− (f,Hi0)(z)
=
(ai00, ..., ai0n) · B
−1 ◦ A(f)(z)− (f,Hi0)(z)
(f,H1)(z)
· (f,H1)(z)
=
(ai00, ..., ai0n) · B
−1 ◦B(f)(z)− (f,Hi0)(z)
(f,H1)(z)
· (f,H1)(z)
=
(ai00, ..., ai0n)(f)(z)− (f,Hi0)(z)
(f,H1)(z)
· (f,H1)(z)
=
(f,Hi0)(z)− (f,Hi0)(z)
(f,H1)(z)
· (f,H1)(z) = 0.
Therefore, it follows that
NF (r) >
2n+2∑
i=1
N
[1]
(f,Hi)
(r).
On the other hand, by Jensen formula we have that
NF (r) =
∫
S(r)
log|F (z)| η +O(1) 6
∫
S(r)
log||f(z)|| η +O(1) = Tf(r) + o(Tf(r)).
By using the Second Main Theorem, we obtain
|| (n + 1)Tf(r) 6
2n+2∑
i=1
N
[n]
(f,Hi)
(r) + o(Tf (r))
6 n
2n+2∑
i=1
N
[1]
(f,Hi)
(r) + o(Tf(r)) 6 nTf(r).
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It implies that || Tf(r) = 0. This is a contradiction to the fact that f is linearly nonde-
generate. Therefore we have
(a′i0, ..., a
′
in) = (ai0, ..., ain), ∀i = 1, ..., 2n+ 2.
Hence L(Gi) = Hi for all i = 1, ..., 2n+ 2.
We set g˜ = L(g), k = 1, 2. Then f and g˜ share {H1, .., H2n+1} ignoring multiplicity
and share H2n+2 with multiplicity truncated by level n+ 1. By Main Theorem, the map
f × g˜ is algebraically degenerate. We easily see that the map
Ψ : Pn(C)×Pn(C) −→ Pn(C)×Pn(C)
((ω0 : · · · : ωn)× (z0 : · · · : zn)) 7→ ((ω0 : · · · : ωn)× L
−1(z0 : · · · : zn))
is an automorphism of Pn(C) × Pn(C). Therefore, the map f × g = Φ(f × g˜) is an
algebraically degenerate mapping into Pn(C)×Pn(C). The theorem is proved. 
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